Effect of base shape on damping characteristics of rocking of rigid body is presented. We pay attention to the fact that free vibration amplitude of rigid body decreases rapidly without dampers or damping materials. We consider rocking of rigid body is very attractive as a low cost dynamic vibration absorber. At first, damping characteristics of rocking of typical rigid body with flat base shape is discussed theoretically. Next, we propose new type rigid body which base shape is polygon in order to design damping characteristics of rigid body in wide range. Theoretical method to calculate damping characteristics of rigid body is derived. Experiment of free vibration of the rigid body is carried out and the calculated results of the proposed method agree well with the experimental results. By calculating damping ratio of proposed rigid body using derived equations, it can be seen polygon base shape is very useful to design damping characteristics of rigid body.
Introduction
Dampers, damping materials, or friction can dissipate vibration energy due to damping force acting against velocity. Such a dissipation mechanism can be easily understood, and equations of motion are often expressed in terms of velocity． Even if a rigid body itself has little damping, the amplitude of a free vibration of rocking of a rigid body decreases. Damping ratio is determined mainly by the ratio between the height and the width of the rigid body rather than the damping characteristics of the material. The free vibration attenuates faster as the width of the rigid body becomes wider (1) . The mechanism of energy dissipation by the rocking rigid body is also greatly different from that of a damper. When the rigid body collides with the supportive structure, vibration energy dissipates (1) , (2) . Therefore, an installation of large damping materials or dampers is not necessary when vibration energy is reduced by rocking. Furthermore, a rocking rigid body has a nonlinear spring force due to gravity similar to a pendulum, and then a rocking rigid body itself is considered to be a natural spring-mass-damper system without any spring and damping device. The purpose of this paper is to discuss the mechanism of rocking and an application of utilizing a rocking rigid body as a low cost horizontal dynamic vibration absorber.
When an earthquake affects a structure which is not tied to its base, rocking can be generated. In order to prevent damage, a lot of studies have been performed. For example, studies on a rigid body that receives sine wave excitation (2) , the relationship between rocking and slipping (3) , and rocking of a reservoir tank (4) have been reported. However, no research exists presenting rocking for vibration attenuation.
In general, in order to attenuate vibration with a dynamic vibration absorber, the natural frequency and the damping ratio of the absorber must be optimized based on the dynamic characteristics of the main system (5) . When rocking is utilized as a dynamic vibration absorber to attenuate vibration of the primary system, it is essential to design the shape of the rigid body so that the damping ratio and the natural frequency are optimized.
As described in the next section, the damping characteristics of rocking of a general hexahedral rigid body whose bottom is plane are determined by the width-to-height ratio of the rigid body. The damping ratio can be freely set if the width-to-height ratio is adjusted. However, in the case that the width is too narrow, if the angular displacement amplitude becomes to be large the rigid body will fall, and then the rigid body may become impossible to play a role of a dynamic vibration absorber to attenuate the amplitude of the primary system due to fall caused by increase in response amplitude.
The natural frequency of rocking of a rigid body with a typical flat base is greatly affected by the shape, and the natural frequency has the amplitude dependency due to the nonlinear spring force. Although there are some nonlinear dynamic vibration absorbers (6) , in order to use a general dynamic vibration absorber based on the fixed point theory (5) , it is preferable to secure an enough amplitude and set freely the natural frequency as well as the damping ratio. As a result, without modification, it is difficult to use rocking of the rigid body having a flat base as a general dynamic vibration absorber.
The final goal of our research is to establish a method of optimizing the base shape of a rigid body for designing a dynamic vibration absorber in order to attenuate the peak amplitude of frequency response.
There are a lot of problems before establishing the above-mentioned design method. As the first step, this paper presents the effect of the base shape on damping of rocking.
Damping of rocking of a rigid body having a flat base
Before examining attenuation due to rocking of the rigid body having a polygon base shape in the next chapter, we first consider damping of rocking of a typical rigid body having a flat base as shown in Fig. 1 . 
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Vol. 6, No. 1, 2012 Typical studies concerning rocking analyzed a symmetric rigid body such as a hexahedron (1) - (3) ; however, in this section, we analyze both symmetric and non-symmetric rigid bodies because we use the derived damping characteristics of a non-symmetric rigid body to derive damping characteristics of a rigid body having a polygon base in the next section.
Our assumption is that a plastic collision caused by rocking does not generate a repercussion or slip. Furthermore, the rigid body starts rotating at point A as the fulcrum of the rotation ( Fig. 1(a) ), collides with the floor (Fig.1 (b) ), and the fulcrum moves to point B on the other side ( Fig. 1(c) ). The angular velocity ratio of the rigid body before and after a collision in such a phenomenon is computable if the angular momentum around point B is preserved before and after the collision (1) .
As shown in Fig. 2 , we define the center of gravity of the rigid body as G, the mass as M , the moment of inertia as J , the distance between A and G and B and G as A L and B L respectively, the angular displacement of the rigid body as θ , the angular velocity before and after a collision as 1 θ and 2 θ respectively, and the angle between GA and GB as β .
Based on the conservation of angular momentum about point B (1) , the angular velocity ratio before and after the collision,
However, the above expression is valid if and only if the right-hand side of the expression is either zero or positive. If the right-hand side becomes negative, 0 ϕ = which means a vibration does not persist. If the kinetic energy before and after a collision is defined as 1
Then, the kinetic energy ratio before and after the collision 
When the rigid body is a hexahedron, the width is b , and the height is h , the following expression is derived:
When Eq. (7) is substituted into Eqs. (5) and (6), the following expressions are derived:
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Eqs. (8) and (9) From the figure it can be seen that when β increases, the velocity ratio ϕ decreases which means the damping ratio increases. Moreover, due to the moment of inertia, the hexahedron has a greater velocity ratio than 0 J = does.
Fig. 3 Effect of β on ϕ
Next, the damping ratio is examined. If the base is flat, a collision occurs twice per cycle during a free vibration of rocking. An assumption in this study is damping is caused by rocking only. Thus, dissipation of vibration energy is occurred during a collision only. At the moment of a collision, the potential energy of a system is the smallest during a free vibration regardless of the collision direction. During the free vibration, if the minimum potential energy is set to zero, all vibration energy at impact should be kinetic energy.
Let ν be the angular velocity decreasing ratio per one cycle and ε be the kinetic energy decreasing ratio per one cycle measured at the same timing, then
The logarithmic decrement δ is expressed as
The damping ratio ζ is expressed as
If you choose the width-height ratio appropriately, the damping ratio ζ can be freely set in a wide range. However, if the width is changed, the amplitude range of the angular displacement and the natural frequency will be affected due to the change in the relationship between the spring force and the angular displacement. For example, if the width is reduced relative to the height in order to reduce damping ratio, the natural frequency and the limit of vibration amplitude decrease without the rigid body falling.
As for ϕ , Eq. (1) illustrates that some adjustment is possible according to the magnitude of moment of inertia. However the adjustable range may be small if the rigid body does not have a special shape and very large moment of inertia is not used. In this section, as shown in Fig. 4 , rigid bodies with a polygon base are analyzed in order to develop a method by which the damping ratio can be freely set without a large change of the amplitude range without the rigid bodies falling. As shown in Fig. 4 , the base shape can be either nearly a straight line or a general polygon.
As for the natural frequency of the rigid body shown in Fig. 4(a) , the amplitude dependency is as strong as the flat base. A shape similar to Fig. 4(b) especially if a polygon arc inscribed or circumscribed for the circular arc is used, the amplitude dependency of the natural frequency can be suppressed because it approaches the natural frequency of the rigid body whose bottom is a circular arc. However, a calculation method of the damping ratio may become considerably complex. Though the base like Fig. 4(b) is more suitable as a dynamic vibration absorber, the base like Fig. 4(a) is more easily expressed as an explicit equation. In order to understand how a polygon base influences the damping ratio, it is more effective to analyze the base like Fig. 4(a) first. Thus, this paper presents a calculation method of damping characteristics of the rigid body in Fig. 4(a) , and that in Fig. 4 (b) will be reported in the next paper.
Regardless of which part of the polygon is in contact with the floor or the supporting structure, the polygon like Fig. 4(a) changes the height of the center of gravity very little, and the difference between the potential energy at any position and the minimum potential energy is much smaller than the kinetic energy at the collision. At the moment of a collision at any vertices, most parts of the vibration energy can be considered kinetic energy if the minimum potential energy is set to zero.
When the center of gravity and each polygon vertex are connected by straight lines, the polygon can be divided into multiple triangles as shown in Fig. 4 . A collision occurs at the triangle due to rocking as described in the previous section. The base like Fig. 4 (a) is considered that a collision consecutively occurs at each triangle.
Fig. 5 Triangle
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Vol. 6, No. 1, 2012 In this paper, the triangles and vertices are sequentially numbered from left as shown in Fig. 4(a) . If the number of triangles is n , the number of vertices is 1 n + . The triangle i has two vertices, i and 1 i + as indicated in Fig. 5 . A series of collisions of a polygon by rocking from left to right is analyzed. In such a case, triangle i revolves at the fulcrum i and collides at vertex 1 i + . A consecutive collision from triangle 1 to n corresponds to rocking of a polygon from left to right. A consecutive collision from triangle n to 1 corresponds to rocking of a polygon from right to left. Consequently, a kinetic energy change by rocking in the given direction can be obtained by multiplying each kinetic energy ratio per collision.
As shown in Fig.5 , let i L be the distance between vertex i and the center of gravity G and i β be the angle formed by the vertex i , 1
i + , and the center of gravity G , then the kinetic energy ratio i τ of triangle i before and after a collision in either direction based on the Eq. (4) is as follows:
As a result, when colliding in a free vibration from triangle1 to n , the kinetic energy ratio L ε between immediately before a collision of triangle1 and immediately after triangle n is expressed as
Similarly, the kinetic energy ratio R ε due to rocking from right to left is expressed as
Therefore, the kinetic energy ratio per cycles, ε , is expressed as The logarithmic decrement and the damping ratio are obtained by the following expressions:
In this section, the equations are derived provided that every vertex is collided. However, if the free vibration amplitude is very small and the collision does not occur at every vertex, only the collided triangles should be included for calculation.
Damping ratios in the case 1 4 n = ∼ with an equal vertex angle calculated by the above equations are shown in Fig. 6 which indicates that the damping ratio increases as β increases, and the damping ratio decreases as n increases. Thus, though it is discrete, the damping ratio can be adjusted by changing n .
An approximate expression is derived for 0 J = in order to understand why the damping ratio decreases even though more collisions occur due to more partitions. If β is equally divided into n pieces, i β is expressed as 
From Eq. (27), it can be seen that the damping ratio decreases (ν increases) as n increases. In other words, a smaller i β rather than a larger n has a larger effect on energy dissipation in a collision. When n approaches infinity causing the surface to be curved, there is no damping by collisions. Next, we analyze the case in which β is not equally divided. For instance, let β = / 2 π ， 4 n = and equally divided partitions be 0 β . Then, not equally divided i β can be defined as follows by using λ . 
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The damping ratio of 0 λ = and 1 λ = corresponds to that of four and two equally divided partitions respectively. Because the curve of ζ is continuous, ζ can be easily controlled by λ . The same result can be obtained when λ is changed from 0 1 − ∼ .
Consequently, even if β is fixed, if an damping ratio is below that of 1 n = , the shape of the bottom can be chosen for a given damping ratio.
Fig. 7 Effect of λ on ζ
We demonstrate that without much change of the shape of the rigid body, the damping ratio can be freely selected by making the bottom shape near a straight line with polygons.
By using the derived equations, we can show that damping by rocking may decrease and the response can become larger than expected if the base shape is convex when seismic load is on unanchored machinery or furniture.
Experiments
A simple experiment was conducted in order to verify whether the derived equations concerning the damping ratio of a rocking rigid body having the polygon base are appropriate.
Test equipment and experimental method
We measured free vibration of rigid bodies by using the three-dimensional motion analysis device (manufactured by Motion Analysis) as shown in Fig. 8 . After motions of several markers on the rigid body were recorded with four infrared cameras, 3D motion and angular velocity of the vibrating rigid body were calculated using signal processing. 300mm high, 250mm wide, 115mm long wood rigid body was used, and the bottom of the rigid body was polygonal. Wooden floor plate was used as shown in Fig. 8 . Four categories with an equal partition were created: no division, division into two, division into three, and division into four. In order to make the base near flat, it was processed to have the exterior angle of the polygon one degree. Figure 9 illustrates the discrete changes in angular velocity amplitude in free vibration: the y-axis is the angular velocity amplitude, and the x-axis is the number of cycles. The initial condition of the free vibration is (0) / 6 θ π ≅
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(a) 1 n = (b) 2 n = (c) 3 n = (d) 4 n =
Experimental results
[rad] and (0) 0 θ ≅ [rad/sec]. The rigid lines on Fig. 9 show a fitted exponential curve based on the discrete measured values. These figures show that the amplitude of angular velocity decreases almost exponentially. That is, the change rate of the velocity amplitude is almost constant and independent of the velocity. These results are consistent with the theory derived in the previous section. Figure 10 presents both the theoretical values and the damping ratios calculated from the measured velocity change rate per cycle. According to this figure, deference between the theoretical and experimental values is less than 15% . Accordingly, both values are considered to be in good agreement indicating that the proposed calculation method is appropriate.
Conclusions
As mentioned in the introduction, the present paper describes a rigid body as a cost-effective and simple horizontal dynamic vibration absorber because rocking of the rigid body functions a spring due to gravity and a damper due to a plastic collision. We propose using a polygon base in order to freely set the natural frequency and the damping ratio of rocking.
As the first step to establish a design method, we examine the damping ratio of the rocking rigid body whose bottom shape is a polygon and nearly flat because equations can be explicitly obtained. We carry out theoretical and experimental approaches, and obtain the following results: (1) For calculating the rate of change of kinetic energy per cycle due to rocking of a rigid body with a polygon base, we divide the polygon into multiple triangles, calculate each triangle's rate of change of kinetic energy and multiply all the triangle's rates. And we derive the explicit equations to calculate the rate of change of angular velocity amplitude per cycle and the damping ratio.
(2) As a rigid body having a polygon base increases its partition size, the number of collisions increases, but the damping ratio decreases. As presented in this study, it is possible to reduce the damping ratio by increasing the partition size. (3) While an equal partition generates discrete damping ratios, an unequal partition can generate continuous damping ratios. (4) The theoretically calculated damping ratios and the experimental data show good agreement. It can be seen that the proposed equations for calculating damping ratio of a rigid body having a polygon base are appropriate. (5) We show that unsecured equipment or furniture with a polygon base may decrease the attenuation performance by using the derived equations. 
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